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We construct a new kinematical variable that is able to fully reconstruct the absolute value, and
partially reconstruct the sign, of the angular distribution in the center of momentum system of a
decaying particle in certain cases where the center of momentum system is only known up to a
two-fold ambiguity. After making contact with Drell-Yan production at the Large Hadron Collider,
we apply this method to the pair-production of dark matter in association with two charged leptons
at the International Linear Collider and show that for a small intermediate width, perfect agreement
is found with the true angular distribution in the absence of initial state radiation. In the presence
of initial state radiation, we find that the modification to the angular distributions is small for most
angles and that different spin combination classes should still be distinguishable. This enables us
to determine the spin of the mother particle and the dark matter particle in certain cases.
The existence of dark matter has been well established
through a combination of galactic rotation curves [1–4],
weak and strong gravitational lensing [5, 6], Big Bang
nucleosynthesis [7], the cosmic microwave background
[8] and the bullet cluster [9]. From these observations,
we know that dark matter is electrically neutral, non-
baryonic and composes roughly 83% of the matter and
23% of the energy of the universe. However, these ob-
servations do not tell us the detailed properties of dark
matter such as its mass, spin and how it interacts with
visible matter. For that, we need to observe a dark mat-
ter particle (DMP) in the laboratory.
Because the Standard Model (SM) of particle physics
does not contain dark-matter (among other things) it is a
low-energy effective theory that fits inside a larger, more
complete theory. Two prominent examples of these the-
ories are the minimal supersymmetric extension of the
SM (MSSM) and the universal extra-dimension (UED)
model. In the present context, one of the most impor-
tant features of these models is the presence of a new
parity symmetry with the consequence that the light-
est parity-odd particle (LPP) is stable and (if neutral)
a dark-matter candidate [10–13]. In these theories, the
LPP is a weakly interacting massive particle (WIMP)
and, so, can be pair produced at particle colliders, such
as the Large Hadron Collider (LHC) and the Interna-
tional Linear Collider (ILC).
To determine the spin of a DMP at a collider, ide-
ally, we would like to boost into the center of momentum
(CM) frame of its parent particle and histogram the an-
gle of its decay with respect to the boost direction (see
Figure 1). We will call this the CM angular distribution,
where θLB is the angle of the decay product L with re-
spect to the boost direction in the B CM system. If the
width of the parent particle is narrow, this distribution
will correspond with linear combinations of squares of
the Wigner djm,m′ -functions where j and m correspond
with the spin and spin-component along the boost direc-
tion of the parent particle B and m′ corresponds with
the difference of the helicities of the final state particles
L and D (see Appendix A for a brief discussion.) The
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FIG. 1. Decay of B into L and D where L is an observed
SM-particle, D is the missing dark-matter particle and B is
the parent of this decay.
challenge for dark-matter particles is that they do not
interact with particle detectors and are, thus, not mea-
sured. Therefore, since we do not know their momentum,
we often can not reconstruct the CM system.
In this paper, we introduce a new kinematical variable
that is able to fully reconstruct the absolute value of the
CM angular distribution unambiguously and its sign up
to a two-fold ambiguity even in some cases where the CM
system is not known. This method is a generalization
of that used to reconstruct the spin of a new charged
resonance in Drell-Yan processes at the LHC [14]. Our
result is the following. The absolute value of the cosine
of this angle is given by
| cos θLB | =
√
1−
4M2Bp
2
T˜
λ (M2B ,M
2
L,M
2
D)
, (1)
where MB , ML and MD are the masses of the parent
particle (B), the observed particle (L) and the DMP (D),
pT˜ is the component of the observed momentum of the
visible particle (L) that is transverse to the momentum
of B in the lab-frame, and
λ (x, y, z) = x2 + y2 + z2 − 2xy − 2xz − 2yz . (2)
The two possible signs are given by
cos θLBL = −| cos θLB | (3)
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2and
cos θLBS = sign
(
EL − M
2
B +M
2
L −M2D
2MB
)
| cos θLB | ,
(4)
which have been labeled by L and S, to be explained
below and EL is the energy of the observed particle (L)
in the lab frame.
Furthermore, pT˜ can be expressed purely in terms of
known quantities and the energy of D in the lab frame
as
p2
T˜
=
(
E2L −M2L
) (
E2D −M2D
)− ξ2
(EL + ED)
2 −M2B
, (5)
where
ξ =
1
2
(
M2L +M
2
D −M2B + 2ELED
)
. (6)
The requirements for this method are that: the masses
of B, L and D must be known; the full momentum of L
must be known; the width of B must be narrow; B, L
and D must all be on-shell; and either pT˜ or ED must
be known. Under these circumstances, even if the B CM
system can not be reconstructed, the CM angular distri-
bution can be calculated, up to the sign ambiguity out-
lined above. In this paper, we will describe two scenarios
where these requirements are satisfied. The first is in the
discovery of a new resonance in charged Drell-Yan pro-
duction of a charged lepton and a neutrino at the LHC.
We will summarize this scenario and refer to [14] for fur-
ther details. The second is in the Antler production of
two charged leptons and two dark matter particles at the
ILC, which we will describe in detail in this paper.
Before moving on, we give a brief summary of other
methods to measure the spin of dark matter. An analysis
of the spin-correlation in various cascade decay chains has
shown that in many cases the resulting distributions were
sufficient to determine the spin [15–21]. It has also been
found that in certain cases the production cross-section
varies with spin [22, 23]. Additionally, the shapes of some
other distributions have a dependence on the spin [24–
32]. In addition to these methods, our method has the
benefit of reconstructing the actual CM angular distribu-
tion even when the CM system can not be reconstructed,
in many cases.
The rest of this paper is organized as follows. In Sec-
tion I, we derive these kinematical variables in detail. In
Section II, we summarize the application of these meth-
ods to charged Drell-Yan production and consider the
effects of a finite width. In Section III, we describe how
the application of our kinematical variables to antler pro-
cesses at the ILC can be used to determine the spin of
dark matter. In Section IV, we conclude.
I. DERIVATION
In this section, we summarize the derivation of Eqs. (1)
through (6). We consider an on-shell particle B which
decays to the particles L and D, both of which are on-
shell (see Fig. 1). We assume the masses of these particles
are known and are MB , ML and MD, respectively. We
boost into the B CM frame and calculate the cosine of
the angle of L with respect to the boost direction, which
is given by
cos θLB =
~pB · ~pLCM
|~pB ||~pLCM | , (7)
where the subscript CM refers to the B CM frame. For
convenience, and without loss of generality, we take the
z-direction to be in the same direction as ~pB , the mo-
mentum of B. Therefore, this can be rewritten as
cos θLB = sign (pLzCM )
|pLzCM |
|~pLCM | , (8)
where pLz refers to the z-component of the L momentum.
A. | cos θLB|
We will first consider the magnitude of Eq. (8), which
is given by
| cos θLB | = |pLzCM ||~pLCM | . (9)
For a massive L we have
|pLzCM | =
√
E2LCM −M2L − p2T˜ , (10)
|~pLCM | =
√
E2LCM −M2L , (11)
where pT˜ indicates the component of ~pL that is transverse
to ~pB . We note that pT˜ is invariant under a boost into
the B CM frame, and is therefore the same in the lab
frame as in the B CM frame. Simplifying, we have
| cos θLB | =
√
1−
p2
T˜
E2LCM −M2L
. (12)
Conservation of momentum in the B CM frame leads to
ELCM =
M2B +M
2
L −M2D
2MB
. (13)
Substituting this gives
| cos θLB | =
√
1−
4M2Bp
2
T˜
λ(M2B ,M
2
L,M
2
D)
, (14)
which completes the derivation of Eq. (1). We note that
this is expressed in terms of lab-frame quantities and in-
variants only.
3B. sign (pLzCM)
We now turn to the sign of pLzCM . We begin by boost-
ing pL into the B CM frame giving
sign (pLzCM ) = sign (EBpLz − ELpBz) . (15)
Using the solution for pDz from Appendix B and pBz =
pLz + pDz, we have
pBz =
MBELCM
M2L + p
2
T˜
(pLz ± ELζ) , (16)
where
ζ =
√
1−
M2L + p
2
T˜
E2LCM
, (17)
We have two sign possibilities given by the ±. When this
sign matches the sign of pLz, we will call this the “large”
solution and use the symbol L to denote it while if the
sign is opposite that of pLz, we will call this the “small”
solution and use the symbol S to denote it.
If pLz < 0, since pBz > 0 (by definition of the z-
direction), we must have the + sign and be in the small
solution. Therefore according to Eq. (15)
sign (pLzCM )S< = −1 , (18)
where the < refers to the fact that this is for pLz < 0.
On the other hand, if pLz > 0, Eq. (15) is the sign
of the difference of two positive terms. This sign is the
same as the sign of the difference of these two positive
terms squared giving
sign (pLzCM )> = sign
(
E2Bp
2
Lz − E2Lp2Bz
)
. (19)
Using E2B = M
2
B + p
2
Bz and E
2
L − p2Lz = M2L + p2T˜ , gives
us
sign (pLzCM )> = sign
(
M2Bp
2
Lz −
(
M2L + p
2
T˜
)
p2Bz
)
.
(20)
By substituting Eq. (16) for pBz this can be expanded
and simplified to the form
sign (pLzCM )> = sign
(− (p2Lz + E2L) ζ2 ∓ 2pLzELζ) .
(21)
The large solution corresponds to the top sign choice,
which is a minus sign, giving us
sign (pLzCM )L = −1 , (22)
which completes the derivation of Eq. (3). However, it
still remains to calculate the small solution when pLz > 0.
Taking the plus sign in Eq. (21), dividing by the positive
ζ and squaring both (positive) terms we obtain
sign (pLzCM )S> = sign
(
4p2LzE
2
L −
(
p2Lz + E
2
L
)2
ζ2
)
.
(23)
Plugging in ζ2, replacing E2L − p2Lz with M2L + p2T˜ and
then factoring M2L + p
2
T˜
out gives
sign (pLzCM )S> = sign
((
E2L + p
2
Lz
)2
E2LCM
−
(
M2L + p
2
T˜
))
.
(24)
Since this is the difference of two positive terms, we can
take the positive square root of each term. We can then
multiply by the positive ELCM , substitute p
2
Lz = E
2
L −
M2L − p2T˜ , simplify and divide by 2 to get
sign (pLzCM )S> = sign
(
E2L − E2L0(p2T˜ )
)
, (25)
with the function E2L0(p
2
T˜
) defined as
E2L0(p
2
T˜
) =
√
M2L + p
2
T˜
2
(√
M2L + p
2
T˜
+ ELCM
)
. (26)
We note from Eq. (12) that the maximum value of pT˜ is
given by √
M2L + p
2
T˜max
= ELCM , (27)
from which it follows that
E2L0max = E
2
LCM . (28)
However, in Appendix C we show that for the small so-
lution when pLz > 0, we always have EL > ELCM giving
us
sign (pLzCM )S> = +1 . (29)
Putting Eq. (18) and (29) together gives
sign (pLzCM )S = sign (pLz) . (30)
However, we also show in Appendix C that sign (pLz) =
sign (EL − ELCM ). Plugging in Eq. (13) finally gives us
sign (pLzCM )S = sign
(
EL − M
2
B +M
2
L −M2D
2MB
)
, (31)
which completes the derivation of Eq. (4). We note that
our final solutions depend on only the measured lab-
frame energy of L and the known masses.
C. pT˜ as a Function of ED
We would next like to show that pT˜ can be calculated
directly from the masses of the particles and the energy
of D. For this section, we note that Eqs. (1) through (4)
do not depend on our choice of z-axis. Therefore, for this
section, we choose a new reference frame for convenience
and without loss of generality. We take the z-axis to be
along the direction of ~pL. We further choose the plane of
4our interaction to be the x-z plane. With this choice, we
have
~pL = (0, 0, pLz) , (32a)
~pD = (pDx, 0, pDz) , (32b)
~pB = (pDx, 0, pLz + pDz) . (32c)
We can then use the unit vector that is normal to ~pB in
the x-z plane,
nˆT˜ =
(pLz + pDz, 0,−pDx)√
(pLz + pDz)
2
+ p2Dx
, (33)
to determine pT˜ = abs
(
~pL · nˆT˜
)
giving
p2
T˜
=
p2Dxp
2
Lz
(pLz + pDz)
2
+ p2Dx
. (34)
We can use the relation p2D = M
2
D to obtain
p2Dx = E
2
D −M2D − p2Dz , (35)
at which point, pDz is the only unknown other than ED.
To obtain this, we expand M2B = (pL + pD)
2
to get
2pLzpDz = M
2
L +M
2
D −M2B + 2ELED . (36)
Using Eqs. (35) and (36), we can show that the denomi-
nator of Eq. (34) is given by
(pLz + pDz)
2
+ p2Dx = (EL + ED)
2 −M2B . (37)
For the numerator of Eq. (34), we can use Eq. (35) to
obtain
p2Dxp
2
Lz =
(
E2L −M2L
) (
E2D −M2D
)− p2Lzp2Dz . (38)
Putting this together, we finally obtain
p2
T˜
=
(
E2L −M2L
) (
E2D −M2D
)− p2Lzp2Dz
(EL + ED)
2 −M2B
, (39)
where p2Lzp
2
Dz is given by Eq. (36). This completes the
derivation of Eqs. (5) and (6).
II. CHARGED DRELL-YAN LEPTON
PRODUCTION
A special case of this kinematic variable was first used
in [14] where a new resonance in charged Drell-Yan (D-
Y) production of a charged lepton and a neutrino was
considered. It was there shown that once the mass of the
new resonance is determined, although there is a two-
fold ambiguity in the momentum of the neutrino which
results in a two-fold ambiguity of the CM frame, it is
nevertheless possible to reconstruct the full CM angular
distribution of this new resonance. In this case, the spin
and, in some cases, the parity violation of the couplings
R−
ℓ
νℓ
u
d
FIG. 2. The Drell-Yan process ud→ `−ν`, whereR− is some
general charged resonance.
can be measured from this distribution. In this section,
we will summarize the salient points and discuss the ef-
fects of a finite width on these distributions.
In Figure 2, we show an illustrative diagram for the
D-Y resonance producing a charged lepton (an electron
or a muon) and a neutrino. We will call the resonance
R and assume its mass has been measured, for example,
in a transverse mass distribution. The mass of both the
charged lepton and the neutrino are very small and will
be taken as zero for clarity. Furthermore, due to momen-
tum conservation, the total transverse momentum is zero
with the result that the momentum of the charged lepton
transverse to R (pT˜ ) is equal to its momentum transverse
to the beam direction (pT ), which is a measured quantity.
As a result, we have
cos θ`RL = −
√
1− 4p
2
T
M2R
(40)
and
cos θ`RS = sign
(
E` − MR
2
)√
1− 4p
2
T
M2R
. (41)
In [14], it was shown that the large solution (L) is
sufficient to determine the spin of the resonance R.
The parity-symmetric angular distribution can be recon-
structed by dividing each cos θ`RL < 0 bin by 2 and tak-
ing the mirror image for the cos θ`R > 0 bins. It was
found that in the absence of cuts and for a very small
width, the reconstructed angular distribution matched
the true distribution perfectly. It was also shown that
the effect of cuts was to remove the large | cos θ`R| bins
but did not affect the center of the distribution. For ex-
ample, it was shown that a cut of pT > 250GeV only
affected the | cos θ`R| >∼ 0.9 bins. The effect of a finite
width was not explored in [14].
In Figure 3, we plot the reconstructed CM angular dis-
tribution using Eq. (40) with the effects of a finite width
included. The three plots are for a scalar (top), vector
(middle) and tensor (bottom) resonance, R. For each
plot, we have included the true CM angular distribution
in solid black, the reconstructed CM angular distribution
for a 0.1% width in dashed blue, and the reconstructed
CM angular distribution for a 1% width in dotted red.
We can see that for widths below 0.1% of the mass, there
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FIG. 3. CM angular distributions using the large solution
(Eq. (40)) and reconstructing as outlined in the text. The
three curves are solid black for the true CM angular distri-
bution, dashed blue for the reconstructed large solution when
the width is 0.1% of the mass and dotted red when the width
is 1% of the mass. From top to bottom the three plots are for
a scalar, vector and tensor R.
is very little alteration of the distribution. At 1% of the
width, the modification of the distribution is still satisfac-
tory. Only the bins for | cos θ`R| < 0.2 and | cos θ`R| > 0.9
are significantly affected. However, for widths above 1%
of the mass, the modification of the distribution starts
becoming significant.
The small solution (S) can be used to reconstruct the
CM angular distribution as well, following the procedure
outlined in [14]. Although the reconstruction method is
slightly more complicated, it has the advantage that the
parity violation can also be reconstructed. The effect of
acceptance cuts was discussed in [14] and is similar to
that of the large solution. We have analyzed the effect of
L
D
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e B
L
D
FIG. 4. An antler diagram for the pair production of two B
fields which then each decay to L and D. The energy of each
D is known in this case as described in the text.
finite widths and find it to be similar to the large solution
case presented here.
III. ANTLERS AT THE ILC
We will now consider diagrams of the type shown in
Fig. 4. We will call this type of diagram an “antler” di-
agram, following [33, 34] where the authors showed that
the mass of B and D could, in principle, be measured
in this process. An analysis of this diagram shows that,
given the masses of B and D, there is a two-fold ambi-
guity in the momenta of the two Ds (see App. D). Nev-
ertheless, the energy of the two Ds are known. This can
be seen by noting that
EBi = EB =
√
s
2
, (42)
where
√
s is the collision energy and i determines which
B is being referred to. Conservation of energy, then, gives
us
EDi = EB − ELi =
√
s
2
− ELi . (43)
Since ELi is a measured quantity, EDi is known (where
i determines which L and D is being considered). As we
saw in Sec. I, this is sufficient to apply our methods to
this process, even though the Bi CM frame can not be
reconstructed.
A. e+e− → γ∗/Z∗ → B+B− → µ+µ−DD
For definiteness, we will take L to be a muon and allow
B and D to take any consistent spin between 0 and 2.
The spins and charges of B and D are given in Table I.
We will further assume that D is self-charge-conjugate.
We will take the two Bs to be produced by their inter-
action with the photon and Z boson as in Fig. 5. For
this first illustrative use of our new kinematical variable
at the ILC, we will take all new interactions to be parity
symmetric. The parity violating case will be considered
in a later publication. We used FeynRules [35–38] to im-
plement these operators into CalcHEP [39] format. We
6Particle Spin Charge
0 1/2 1 3/2 2
` ` −1
D sD fD vD rD tD 0
B sB fB vB rB tB −1
TABLE I. List of symbols used for the particles in our analysis
with their charges and spins.
e
e
γ∗, Z∗
B
B
µ
µ
D
D
FIG. 5. Pair production of B followed by its decay to a muon
and D at the ILC.
implemented our kinematic observables (Eqs. (1) through
(6)) using the usrmod functionality of CalcHEP. We then
performed extensive simulations of all the consistent spin-
combinations.
We note that the parity-conserving operators split into
two categories. The first category gives a symmetric CM
angular distribution which only depends on the masses
and the collision energy. All dependence on the cou-
pling constants drops out of the normalized differential
cross-sections. The majority of the parity-conserving op-
erators fall into this category and were included in our
analysis, in a model-independent way. The resulting on-
shell differential cross-sections were calculated analyti-
cally. They have been included in Table II and will be
discussed further below. A complete list of the operators
in this category can be found in App. E. A discussion of
the derivation of the analytic differential cross-sections
coming from these operators is included in Appendix F.
The second category of parity-conserving operators
also gives a symmetric CM angular distribution, however
the expressions for the differential cross-sections are more
complicated and depend on the values of the coupling
constants. In particular, the values of A, B, C and N in
Table II depend non-trivially on the coupling constants
in the second category of parity-conserving operators (a
discussion of the operators from this category is also in-
cluded in Appendix E). Since our main purpose in the
present article is to show that our kinematical variables
faithfully reproduce the true CM angular distribution,
for simplicity, we focus on the parity-conserving opera-
tors from the first category.
In order to ascertain the power of our kinematic vari-
ables, we would like to compare its results with the “true”
CM angular distribution. Since the two Ds in this pro-
cess are identical, we numerically calculated the true CM
angular distribution in two ways. First, in the process
e+e− → B+B− → µ+µ−DD, we used the Monte Carlo
information to determine which D to pair with µ−. We
then boosted into this frame to calculate the true CM
angular distribution. Second, we simulated the process
e+e− → µ−DB+, where the final B+ was not decayed.
We then boosted into the µ−D rest frame and determined
the CM angular distribution. In all cases, we found agree-
ment between these methods, as expected.
We simulated the true CM angular distribution for
every consistent spin-combination. In all narrow width
cases in the absence of cuts, we found perfect agreement
between the analytic expressions from Table II and the
simulations of the true CM angular distributions. This
agreement can be seen in Fig. 6 where the analytic for-
mulas are used to produce the solid green curves and the
Monte Carlo simulation of the true solution is plotted
in solid black. The illustrative values
√
s = 500GeV,
MB = 200GeV and MD = 50GeV were used to create
this figure. As expected, all the angular distributions are
symmetric since we only considered parity-symmetric op-
erators in this analysis.
We also simulated the full signal final state µ+µ−DD
and calculated our kinematical variable using Eqs. (1)
through (6) using only the momentum of the muon. The
large solution (Eq. 3) is shown as the dashed blue line in
Fig. 6. As expected, it is nonzero only for cos θ`B < 0 and
exactly double the true distribution. We can reconstruct
the true solution by dividing this distribution by 2 and
taking the mirror image on the cos θ`B > 0 side. This
has been done and is plotted as the red dotted curves
in Fig. 6. As can be seen, the red dotted curves agree
perfectly with the true solutions in solid green and solid
black. The small solution would give a similar result, but
would require a slightly more complicated reconstruction
method. However, because the distribution is fundamen-
tally symmetric in the present article, the sign is not
helpful. Therefore, since the large solution is sufficient
to get exact agreement with the true solution, we will
not discuss the small solution further in this section.
We have found that the various spin-combinations fall
into four major classes: i) flat distributions, ii) parabolic
distributions with negative concavity, iii) parabolic dis-
tributions with positive concavity, and iv) “M” shaped
distributions. This classification corresponds with the
first column of Table II and the labels in Figs. 6 through
9 and described in detail below.
The first class is given in row (i) of Table II and
shown in Fig. 6i. It is a flat line with no cos θ`B de-
pendence. This class not only includes the case where
B has spin 0, but also includes the cases where B has
spin 12 . The reason for this is that the inherent par-
ity symmetry of these angular distribution requires equal
contributions from djm,+m′ and d
j
m,−m′ for any given j,
m and m′. In the case of a spin- 12 B, the Wigner d
j
mm′ -
7sB sD
1
σ
dσ
d cos θ`B
i 0 1
2
i 1
2
1
2
ii 1 1
2
Aii
Nii −
Bii
Nii cos
2 θ`B
Aii = 3M2B
(
s2 − 4M2Bs+ 4M2BM2D + 8M4B
)
Bii = 3s
(
M2B −M2D
) (
s− 4M2B
)
Nii = 2
(
2M2B +M
2
D
) (
s2 − 4M2Bs+ 12M4B
)
iiia 1 3
2
Aiiia
Niiia +
Biiia
Niiia cos
2 θ`B
Aiiia = 12M2B
(
M2Ds
2 − 4M2BM2Ds+M6B + 10M4BM2D +M2BM4D
)
Biiia = 3s
(
M2B −M2D
)2 (
s− 4M2B
)
Niiia = 2
(
M4B + 10M
2
BM
2
D +M
4
D
) (
s2 − 4M2Bs+ 12M4B
)
iiib 3
2
0 AiiibNiiib +
Biiib
Niiib cos
2 θ`B
Aiiib = s3 − 2M2Bs2 + 4M4Bs+ 72M6B
Biiib = 3s
(
s− 4M2B
) (
s+ 2M2B
)
Niiib = 4
(
s3 − 2M2Bs2 − 2M4Bs+ 36M6B
)
iiic 3
2
1 AiiicNiiic +
Biiic
Niiic cos
2 θ`B
Aiiic =
(
s3 − 2M2Bs2 + 4M4Bs+ 72M6B
) (
M4B + 10M
2
BM
2
D +M
4
D
)
+ 12M2BM
2
Ds
(
s+ 2M2B
) (
s− 4M2B
)
Biiic = 3s
(
M2B −M2D
)2 (
s− 4M2B
) (
s+ 2M2B
)
Niiic = 4
(
M4B + 10M
2
BM
2
D +M
4
D
) (
s3 − 2M2Bs2 − 2M4Bs+ 36M6B
)
iiid 3
2
2 AiiidNiiid +
Biiid
Niiid cos
2 θ`B
Aiiid =
(
2M6B + 47M
4
BM
2
D + 128M
2
BM
4
D + 3M
6
D
) (
s3 − 2M2Bs2 − 2M4Bs+ 36M6B
)
+6M4B
(
2M6B + 11M
4
BM
2
D − 16M2BM4D + 3M6D
) (
s+ 6M2B
)
Biiid = 3s
(
2M6B + 11M
4
BM
2
D − 16M2BM4D + 3M6D
) (
s− 4M2B
) (
s+ 2M2B
)
Niiid = 4
(
2M6B + 29M
4
BM
2
D + 56M
2
BM
4
D + 3M
6
D
) (
s3 − 2M2Bs2 − 2M4Bs+ 36M6B
)
iva 2 1
2
Aiva
Niva +
Biva
Niva cos
2 θ`B − CivaNiva cos
4 θ`B
Aiva = 5
(
M2Ds
4 − 8M2BM2Ds3 + 28M4BM2Ds2 + 27M6Bs2 − 48M6BM2Ds− 108M8Bs+ 144M8BM2D + 216M10B
)
Biva = −15s
(
s− 4M2B
) (−3M2Bs2 + 2M2Ds2 − 8M2BM2Ds+ 12M4Bs− 12M4BM2D − 9M6B)
Civa = 45s2
(
M2B −M2D
) (
s− 4M2B
)2
Niva = 4
(
3M2B + 2M
2
D
) (
s4 − 8M2Bs3 + 46M4Bs2 − 120M6Bs+ 180M8B
)
ivb 2 3
2
Aivb
Nivb +
Bivb
Nivb cos
2 θ`B − CivbNivb cos
4 θ`B
Aivb = 889s4 − 7112M2Bs3 + 49804M4Bs2 − 142320M6Bs+ 216720M8B
Bivb = 270s
(
s− 4M2B
) (
11s2 − 44M2Bs+ 6M4B
)
Civb = 3375s2
(
s− 4M2B
)2
Nivb = 2408
(
s4 − 8M2Bs3 + 46M4Bs2 − 120M6Bs+ 180M8B
)
TABLE II. The analytic expressions for the CM angular distributions for each spin combination. The first column gives the
class described in the text and shown in Fig. 6, the column labeled sB gives the spin of B, the column labeled sD gives the
spin of D and the column labeled 1/σ dσ/d cos θ`B gives the CM angular distribution. See Appendix F for a discussion of the
derivation of these formulas which included the photon, Z-boson and interference diagrams.
functions are d
1
2
1
2 ,
1
2
(θ`B) = cos (θ`B/2) and d
1
2
1
2 ,− 12
(θ`B) =
− sin (θ`B/2). As a result, since the differential cross
section is proportional to the linear combination of the
squares of the Wigner djmm′ -functions (see App. A), the
normalized differential cross section in this case is given
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FIG. 6. The CM angular distributions described in the text. The solid green lines come from the analytic formulas given in
Table II, the solid black lines come from the true simulated CM angular distributions, the dashed blue lines come from the
large solution given in Eq. 3, and the dotted red lines come from dividing the dashed blue lines in half and taking the mirror
image on the cos θ`B > 0 side. We used
√
s = 500GeV, MB = 200GeV and MD = 50GeV for this figure.
by
1
σi
dσi
d cos θ`B
=
1
2
[(
d
1
2
1
2 ,
1
2
(θ`B)
)2
+
(
d
1
2
1
2 ,− 12
(θ`B)
)2]
=
1
2
.
(44)
The second class of CM angular distributions is given
by a concave negative parabola as seen in Fig. 6ii. There
is only one spin combination that gives this distribu-
tion and that is a spin-1 B decaying to a spin- 12 D.
The Wigner d-functions for spin-1 are d11,±1 (θ`B) =
1
2 (1± cos θ`B), d11,0 (θ`B) = − 1√2 sin θ`B and d10,0 (θ`B) =
cos θ`B , whose squares are quadratic in cos θ`B , resulting
in a parabola. The expression for the normalized dif-
ferential cross section in this case is given in row (ii) of
Table II. We see that the concavity is proportional to(
M2B −M2D
) (
s− 4M2B
)
and that, while always negative
in this case, is increased in size as the mass difference
between B and D is increased and also as the difference
between the collision energy
√
s and the mass of B is in-
creased. Although we do not have any control over the
mass difference between B and D, we do have some con-
trol over the collision energy. If a distribution appears to
be nearly flat, the collision energy should be increased to
determine whether this property changes. This depen-
dence of the shape on the collision energy is a feature of
all the classes discussed here except, of course, class i,
the flat distribution.
The third class of distributions is given by concave up
parabolas as shown in Fig. 6iii. There are four spin-
combinations that give this class of distributions. The
first is a spin-1 B decaying to a spin-32 D (see Fig. 6iiia).
The second, third and fourth are, respectively, a spin-
3
2 B decaying to a spin-0 D (see Fig. 6iiib), a spin-1 D
(see Fig. 6iiic) and a spin-2 D (see Fig. 6iiid). Initially,
when B is spin-32 , the Wigner d-functions squared are
cubic in cos θ`B . However, since these distributions are
inherently parity symmetric, the odd terms cancel (as in
the previously discussed spin- 12 case) and we are left with
expressions quadratic in cos θ`B . We further note that,
although the Fig. 6iiia distribution appears to be equal to
the Fig. 6iiib distribution and the Fig. 6iiic distribution
appears to be equal to the Fig. 6iiid distribution, this is
only a coincidence of the illustrative masses and collision
energies we used. If we, instead, used
√
s = 1TeV, MB =
200GeV and MD = 70GeV, the four distributions would
all be separated as in Fig. 7iii. As we see in Table II,
in each of these cases, the strength of the concavity is
dependent on both the mass splitting between B and D
as well as on the collision energy. We cannot choose the
mass splitting. However, whatever the mass splitting,
we can, in principle, choose higher collision energies to
accentuate the shape of each of these cases.
The final class of distributions is given by an “M”
shape which is quartic in cos θ`B . This comes from a
spin-2 B decaying to either a spin- 12 D (see Fig. 6iva) or
a spin- 32 D (see Fig. 6ivb). As in the previous classes,
the quadratic and quartic terms in the angular depen-
dence (see rows iva and ivb in Table II) are proportional
to
(
s− 4M2B
)
, therefore, the shape can be accentuated
by increasing the collision energy. We give an example of
this in Fig. 7iv, where
√
s = 1TeV, MB = 200GeV and
MD = 70GeV.
B. Finite Width Effects
In the previous subsection, we took the width of B
to be very small (0.05% of the mass) and found per-
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FIG. 7. Class iii and iv CM angular distributions for the
values
√
s = 1TeV, MB = 200GeV and MD = 70GeV. In the
case of iii, the solid black line is for class iiia, the blue dashed
line is for class iiib, the red dot-dashed line is for class iiic and
the orange dotted line is for class iiid. In the case of iv, the
solid black line is for case iva while the dashed blue line is for
case ivb.
fect agreement between the true CM angular distribu-
tions and our reconstructed distributions. However, the
derivation of our kinematical variables, Eqs. (1) through
(6), relied heavily on B being on-shell, and therefore hav-
ing a narrow width. Furthermore, off-shell, even the true
CM angular distribution could be modified by off-shell
polarization vectors. When the spin of B is greater than
1, the off-shell polarization effect is model dependent. In
this subsection, we would like to estimate the total effect
on our reconstruction technique of having a more sizable
width. In Fig. 8, we have plotted our reconstructed CM
angular distribution when the width of B is 1% in solid
black and 5% in dashed blue. For comparison, we have
also plotted the true on-shell CM angular distribution
in solid green. For spins greater than 1, we have used
the standard propagators that are built into CalcHEP
[37, 39].
In general, we find that the effect of the width is almost
negligible when 1% of the mass and only begins to be siz-
able for some spin combinations when approximately 5%
of the mass. However, even at 5%, the agreement with
the theoretical curve is still quite good in most cases.
The main effect is to reduce the CM angular distribution
for large | cos θ`B | and, to a lesser extent, to increase the
distribution for small | cos θ`B |. In the case of the theo-
retically concave negative distribution (see Fig. 8ii), the
effect of both a 1% and 5% width is negligible.
In the case of the theoretically flat distribution (see
Fig. 8i), the effect of a 1% width is to slightly reduce the
edges when | cos θ`B | >∼ 0.95 while the enhancement in the
center is not very great. When the width becomes 5%,
the effect begins to be significant but depends on which
spin combination is being considered. The distributions
for spin-0 B and for spin- 12 B decaying to a spin-0 or
spin-1 D, the effect is still small with the edges only being
strongly affected for | cos θ`B | >∼ 0.85 and the center not
being strongly enhanced. However, for a spin- 12 B decay-
ing to a spin-2 D, the effect is much larger with the shape
changing significantly to look nearly like a parabola with
negative concavity. However, since the negative concav-
ity parabola (spin-1 B decaying to a spin- 12 D) is not
significantly affected by a finite width, it should not be
difficult to distinguish these cases.
In the case of the concave positive distributions (see
Fig. 8iii), the effect is small and mainly at the edges.
For a 1% width, the reduction is visible for | cos θ`B | >∼
0.95 while the central enhancement is minimal. For a
5% width, the reduction is visible for | cos θ`B | >∼ 0.85.
Again, the enhancement is minimal.
For the case of a spin-2 B decaying to a spin- 12 D (see
Fig. 8iva), the effect of a 1% width is minimal, however,
a 5% width does change the distribution. Although it
retains the “M” shape, the outer edges are approximately
20% lower while the center is approximately 20% higher.
In the case of a spin-2 B decaying to a spin- 32 D (see
Fig. 8ivb), the effect of even a 5% width is very small
with a slight decrease towards the edges.
C. ISR, Beamstrahlung and Cuts
We also considered the effects of initial state radia-
tion (ISR), beamstrahlung and basic cuts in an electron-
positron collider environment on our distributions. The
cuts we used were
| cos θl| < 0.9962 (45)
El > 10GeV (46)
to ensure detection, where θl and El are, respectively,
the polar angle and the energy of the electron in the lab
frame, and
/pT > 10GeV (47)
to remove the photon T-channel induced background
from e+e− → e+e−µ+µ− where the final electron-
positron pair are missed [34], where /pT is the missing
transverse momentum.
We display these effects in Fig. 9. The theoretical
curves in the absence of ISR, beamstrahlung and cuts
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FIG. 8. The effect of a finite width on the CM angular distributions. The solid green lines come from the on-shell angular
distributions given by the analytic formulas in Table II, the solid black and dashed blue lines come from the large solution
given in Eq. (3) where the width of B is taken to be 1% and 5%, respectively. The collision energy and masses are the same
as in Fig. 6.
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FIG. 9. The effect of ISR and beamstrahlung on the CM angular distributions. The solid green lines come from the analytic
formulas given in Table II, the solid black lines comes from the large solution given in Eq. (3) where the ISR and beamstrahlung
is turned on and the dashed blue lines, additionally, have the cuts in Eqs. (45) through (47) applied. The collision energy and
masses are the same as in Fig. 6.
is shown in solid green. The effect of including ISR and
beamstrahlung is shown as the solid black lines and the
additional effect of our basic cuts is shown by the dashed
blue lines. The solid black and dashed blue lines are
reconstructed from the large solution, Eq. (3). In all
cases, the solid black lines and dashed blue lines coincide
showing that these basic cuts do not have a significant
impact on the CM angular distributions. Of course, fur-
ther cuts will be required to separate the signal from the
background, but we leave that to a separate study. ISR
and beamstrahlung, on the other hand, do modify these
distributions. The modification is similar to that of the
finite widths, but more extreme showing that the effect of
finite widths is probably subdominant for measuring the
CM angular distribution in this process. The smearing
due to ISR and beamstrahlung appears to be the domi-
nant effect modifying the CM angular distributions from
their theoretical form. It reduces the edges and enhances
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the center of these distributions.
For the flat distributions (Fig. 9i), the edges are signif-
icantly reduced by approximately 60% while the center
is only enhanced by approximately 10%. In contrast to
the effect of a finite width, the new distribution does
not look parabolic and should be easily distinguishable.
For the concave negative parabola distribution (Fig. 9ii),
the effect is small with a significant deviation from the
theoretical curve only for | cos θ`B | >∼ 0.9. For the con-
cave positive parabola distributions (Fig. 9iii), the effect
is to alter the distribution to look more like the “M”
distributions. This could make distinguishing these two
cases more difficult, however, it can be seen that the po-
sition of the peaks in the two cases is different as is the
shape of the shoulder and the concavity of the central
region. With sufficient collision energy and luminosity,
these cases should also be distinguishable. For the the-
oretically “M” shaped distribution (Fig. 9iv), the effect
is to decrease the edges further while not changing much
the central region.
D. Comments
In this section, we have illustrated the use of our kine-
matical variables for reconstructing the CM angular dis-
tribution in the process e+e− → γ∗/Z∗ → B+B− →
µ+µ−DD. We have found excellent agreement between
our reconstruction and the true CM angular distribution,
even in the presence of a small finite width. Addition-
ally, we showed that the curvature of the distributions
depended on the collision energy, which is in principle
controllable at the ILC. We have further found that al-
though ISR and beamstrahlung modify the distributions,
this effect is predictable with Monte Carlo. It appears as
a reduction at the edges and a small enhancement in the
center of the distribution. For most of the classes, the
essential shape can still be seen. Therefore, in principle,
it should be possible with sufficient luminosity to dis-
tinguish all the spin combinations using our kinematical
variable except for those within Case i where B is spin-
0 or - 12 or between spin combinations within the same
class when the masses and collision energy conspire to
make the distributions identical. To end this section, we
would like to discuss a few areas where the analysis of
these kinematic variables applied to antler processes can
be extended.
In this work, we have only considered parity symmet-
ric S-channel production of the two Bs. In certain cases,
parity violating operators may be important. In these
cases, we may be able to further separate the spin com-
bination cases as well as get information about the parity
violating nature of the couplings by using the small solu-
tion. Furthermore, in some models, the T-channel may
be important. This is certainly true in the SM, where
the process e+e− → W+W− → µ+νµµ−ν¯µ has an im-
portant contribution from a neutrino in the T-channel.
We have found that, in this SM process, the CM angu-
lar distribution when the T-channel diagram is included
is sensitive to chiral couplings and that parity violation
can be seen in the small solution. A full analysis of the
effect of parity violating operators and of the T-channel
production will be carried out in a future publication.
We have assumed in this section that D was self-
charge-conjugate. However, this does not have to be the
case. D does not have to be its own antiparticle. Al-
though we have not done a full analysis of this possibility,
we have found that the CM angular distribution in the
case of the SM process e+e− →W+W− → µ+νµµ−ν¯µ is
the same whether the neutrinos are Dirac or Majorana.
For our illustration, we used muons in the final state,
however, our method would work just as well with jets.
The benefit of using muons is that they can be distin-
guished by their sign and their momentum can be mea-
sured more precisely than jets. However, in some models,
the branching ratio to jets could be much higher. Al-
though the jets are indistinguishable, it does not matter
for the symmetric distributions we have presented here
because each jet generates the same distribution. In this
case, the CM angular distribution coming from the large
solution (Eq. (3)) should be separately binned for each
jet. The final distribution will have the same shape as
that for an individual jet but will be twice as high in each
bin.
In this work, we have only considered the intermediate
particle B decaying to a two-body final state L and D,
however, it could also decay to multiple visible particles
andD. If the multiple visible particles come from another
intermediate state that decays (such as a W decaying to
jets) then there is no change to the results presented here.
The mass and spin component of L are just those of the
extra intermediate state (such as the W). However, if,
on the other hand, there is no intermediate state decay-
ing to the multiple visible particles, | cos θLB | can still be
reconstructed for each event, but the CM angular distri-
bution depends on the invariant mass ML which changes
event to event. It should, nevertheless, be possible to
generate a series of CM angular distributions for each in-
variant mass range of the visible particles. However, the
situation is further complicated by the fact that the com-
ponent of the angular momentum of the visible particles
will not simply be the component of the spin of a single
particle anymore, further complicating the interpretation
of the CM angular distributions.
IV. CONCLUSION
In this work, we have constructed a new kinematical
variable that gives, under certain circumstances, the CM
angular distribution, cos θLB , of a decaying particle B
when one of its daughter particles D is not detected.
Among the requirements for this method are that the
masses of the mother particle B as well as both daughter
particles L and D must be known. Additionally, we have
shown that the magnitude of cos θLB only depends on the
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component of the momentum of the measured particle L
which is transverse to the momentum of B, which we
call pT˜ , as can be seen in Eq. (1). We have also shown
that pT˜ is uniquely related to the energy of the missed
particle D, ED, as seen in Eqs. (5) and (6). Therefore,
if either pT˜ or ED can be determined event by event,
then the magnitude of cos θLB is known, event by event,
unambiguously.
The sign of our observable, on the other hand, has an
inherent two-fold ambiguity. We find that it can be con-
sistently split into two solutions which we call the large
and small solutions, based on the size of the component of
~pD which is parallel to ~pL. We find that the large solution
always has a negative sign, as in Eq. (3) while the small
solution’s sign depends on the energy of the measured
particle L, as in Eq. (4). Although this sign cannot be
determined event by event, the distributions of the large
and small CM angular distributions, Eq. (3) and Eq. (4),
respectively, contain the information required to recon-
struct the true cos θLB in many situations. The large
solution gives the negative absolute value of the distri-
bution of cos θLB , from which it is easy to reconstruct
the full symmetrized version of the cos θLB distribution
by dividing it in half and taking the mirror image on
the cos θLB > 0 side. Although this distribution can not
tell us anything about the parity violation in the true
cos θLB distribution, it can give us the full symmetrized
dependence of the differential cross-section on cos θLB
and therefore the spin-combinations of the mother and
daughter particles which can produce that distribution.
In many cases, this is already sufficient to determine the
spin of B and D, where the spin of L is already known.
Although the full structure of our kinematical variable
was first described in the present work, a special case of
this kinematical variable was applied to D-Y production
of a charged lepton and a neutrino where the spin of the
intermediate resonance was shown to be unambiguously
determined by the large solution [14].
On the other hand, the small solution contains non-
trivial information about the sign of cos θLB . Although
it does not agree with the true sign event by event, its
distribution contains the clear signatures of the parity
violation present in the true distribution. In [14], it was
shown that in the special case of D-Y production of a
charged lepton and a neutrino, a simple reconstruction
technique could be applied to the small solution to fully
reconstruct the true CM angular distribution, including
its parity violating features, almost exactly. It was, fur-
ther, shown that this reconstruction technique was uni-
versal and did not depend on the spin of B or the parity-
violation. In other words, the reconstruction technique
could be applied blindly and give the correct results in
all spin cases. Moreover, it was also shown that the par-
ity violation could be determined directly from the small
solution without applying the reconstruction technique.
In [14], it was also shown that acceptance cuts, and
even the rather large pT > 250GeV cut only affected
the | cos θ`R| >∼ 0.9 edges of the distributions, but left
the majority of the distribution unaffected, preserving its
power. In the present work, we extended this to consider
the effect of a finite width. We found that an approx-
imately 1% width and smaller widths only affected the
| cos θ`R| >∼ 0.95 edges and the | cos θ`R| < 0.2 central re-
gion, but left the rest of the distribution unchanged, as
seen in Fig. 3. This shows that this variable works quite
well for realistic D-Y charged resonance production at
the LHC.
In the present work, we applied our kinematical vari-
ables, for the first time, to the antler process e+e− →
γ∗/Z∗ → B+B− → µ+µ−DD at the ILC where D was
taken to be a self-charge-conjugate dark matter parti-
cle. We showed that ED is known in this case, there-
fore | cos θLB | is known, event by event, unambiguously,
as described above. We focused, in this article, on only
parity-symmetric operators, therefore all our angular dis-
tributions were inherently symmetric. We calculated an-
alytically the dependence of the differential cross-section
on cos θLB and included it in Table II. We found agree-
ment of the true CM angular distribution with these for-
mulas in all cases. The CM angular distributions split up
into four classes. The first class (denoted by i in Table II
and Figs. 6 through 9) is given by a flat distribution and,
unfortunately, includes both the cases where B is spin-0
and spin- 12 . The second class (denoted by ii in Table II
and Figs. 6 through 9) is given by a concave negative
parabola and includes only the case where B is spin-1
and D is spin- 12 . The third class (denoted by iii in Ta-
ble II and Figs. 6 through 9) is given by a concave positive
parabola and includes the case where B is spin-1 and D
is spin- 32 and the cases where B is spin-
3
2 and D is spin-0,
1 or 2. Although their distributions are all concave pos-
itive parabolas, we show that with appropriate masses
and collision energy, they can be separated and distin-
guished as in Fig. 7iii. The last class (denoted by iv in
Table II and Figs. 6 through 9) is given by a “M” shape
and includes the cases where B is spin-2 and D is spin- 12
or 32 . Again, we show that for appropriate parameters,
these can be distinguished as in Fig. 7iv.
We then showed that the large CM angular distribu-
tion after a simple reconstruction, gives exact agreement
with the true distribution in the narrow width limit and
in the absence of ISR and beamstrahlung, as shown in
Fig. 6. If the width is not infinitesimal, on the other
hand, we found a small reduction on the edges and, to
a lesser extent, a small enhancement in the center of the
distribution occured. However, for a 1% width, we found
the effect to be practically negligible while a 5% width
made a noticeable effect but left the shape of the dis-
tributions largely intact for most spin combinations, as
seen in Fig. 8. The effect of ISR and beamstrahlung, on
the other hand, was much more pronounced. It also ap-
peared as a reduction on the edges and, to a lesser extent,
an enhancement in the center. However, as can be seen
in Fig. 9, the shape of the true distribution is still clearly
visible for most of the spin combinations. Furthermore,
the effect of ISR and beamstrahlung can be well modeled.
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FIG. 10. Diagram of a scattering process dominated by an
on-shell B which decays to L and D.
From these results, we see that our method should work
quite well in this process and that as long as B is spin-
1 or higher and the masses don’t conspire to make the
distributions within a class identical, it should be possi-
ble to determine the spin of both B and the dark matter
particle D using our kinematical variables in this process
at the ILC.
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Appendix A: Wigner d-functions
In this appendix, we give a very rough description of
the dependence of the differential cross section on the
Wigner d-functions. Consider a scattering process that
is dominated by diagrams where an intermediate particle
B is on-shell and decays to L and D as in Fig. 10. Since
B is on-shell, its propagator numerator is equal to a sum
over the spin-z components of dyads of its polarization
vector, as in
lim
p2B→M2B
Π
(
p2B
)
=
∑
σB
σB (pB) 
∗
σB (pB) (A1)
where Π
(
p2B
)
is B’s propagator numerator and σB (pB)
is B’s polarization vector for spin-z component σB . (We
use i (p) here to represent the polarization vector or
spinor for any spin.) Using this, the amplitude can be
written as
MσMσNσLσD =
∑
σB
M˜σMσNσB ∗σB (pB) Γ σL (pL) σD (pD)
(A2)
where M˜ contains everything not explicitly written in
this equation, including the polarization vectors of all
the other external states, the polarization vector for B
and the propagator denominator for B. Γ represents the
vertex factor for the BLD system and may connect to
the polarization vectors and also may connect to M˜.
We will consider the BLD system in the B CM frame.
We take the z-direction to be along ~pB and take σB to be
the component of B’s spin along this direction. Since this
system consists solely of B before the decay, the total an-
gular momentum is equal to the spin of B. Because total
angular momentum is conserved, the final state LD must
have the same total angular momentum. If we measure
the final total angular momentum component along ~pL,
it will be equal to the difference of the helicities of L and
D, which we will call σL and σD, respectively. Although
orbital angular momentum in the LD system can con-
tribute to the total angular momentum, its component is
perpendicular to ~pL and, therefore, will not contribute to
the component of the total angular momentum along that
direction. Since total angular momentum is conserved,
the dependence on this angle is simply the quantum me-
chanical overlap between these bases,
dsBσB ,σL−σD (θLB) = 〈sB , σL − σD, θLB |sB , σB〉 (A3)
= 〈sB , σL − σD|eiJ⊥θLB |sB , σB〉
where J⊥ is the component of the angular momentum
operator perpendicular to the BLD system. These func-
tions are called the Wigner d-functions. With this, in the
B CM frame, we have
∗σB (pB) Γ σL (pL) σD (pD) ∝ dsBσB ,σL−σD (θLB) (A4)
Putting these things together gives
MσMσNσLσD =
∑
σB
M˜σMσNσB
σLσD
dsBσB ,σL−σD (θLB) (A5)
where M˜ absorbs all other factors. After squaring, av-
eraging over initial spins, summing over final spins, mul-
tiplying by phase factors and integrating over all other
momentum factors, we have
dσ
dθLB
=
∑
σBσ
′
B
σLσD
AσBσ′B
σLσD
dsBσB ,σL−σD (θLB) d
sB
σ′B ,σL−σD (θLB)
(A6)
We see that the dependence on this angle is restricted by
conservation of angular momentum to be proportional to
a sum of squares of the Wigner djm′m-functions, where
j = sB , m = σB or σ
′
B and m
′ = σL − σD, independent
of the model. The coefficients AσBσ′BσLσD , on the other
hand, are dependent on the couplings of the model as
well as the polarization of the beams.
Appendix B: Derivation of pDz
In this appendix, we derive pDz, the z-component of
the D momentum. Since the z-axis was defined to be in
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the same direction as the momentum of B, the net mo-
mentum transverse to this direction must be zero. With-
out loss of generality, we will take pT˜ to be along the
x-axis. We can then define the momentum of L and D
as
pL =
(
EL, pT˜ , 0, pLz
)
, (B1)
pD =
(
ED,−pT˜ , 0, pDz
)
. (B2)
The invariant mass of B is then given by
M2B = M
2
L +M
2
D + 2EL
√
M2D + p
2
T˜
+ p2Dz
+2p2
T˜
− 2pLzpDz . (B3)
This equation can be solved for pDz giving
pDz = pLz
M2B +M2L −M2D
2
(
M2L + p
2
T˜
) − 1
± EL∆
2
(
M2L + p
2
T˜
) ,
(B4)
where
∆ =
(
M2B +M
2
L −M2D
)√√√√
1−
4M2B
(
M2L + p
2
T˜
)
(M2B +M
2
L −M2D)2
.
(B5)
Recalling the relation for ELCM (Eq. (13)), we have
pDz = pLz
(
MBELCM
M2L + p
2
T˜
− 1
)
±MBELELCM
M2L + p
2
T˜
√
1−
M2L + p
2
T˜
E2LCM
. (B6)
We note that our result does not depend on the choice of
x- and y-axis.
Appendix C: Relationship of EL and ELCM for the
small solution
In this appendix, we assume the small solution. Using
Eq. (16) when pLz > 0, we have
sign (pBz)> = sign
(
p2Lz − E2Lζ2
)
>
> 0 , (C1)
for the small solution. Plugging in ζ (see Eq. (17)), us-
ing E2L − p2Lz = M2L + p2T˜ and factoring out the positive(
M2L + p
2
T˜
)
gives
sign
(
E2L
E2LCM
− 1
)
>
> 0 . (C2)
On the other hand, when pLz < 0, we have
sign (pLz + ELζ)< > 0 , (C3)
for the small solution, which can be rewritten as
sign
(−p2Lz + E2Lζ2)< > 0 . (C4)
Following the same manipulations as above brings this to
the form
sign
(
− E
2
L
E2LCM
+ 1
)
<
> 0 , (C5)
or
sign
(
E2L
E2LCM
− 1
)
<
< 0 . (C6)
From these two results, we learn that
sign (pLz) = sign (EL − ELCM ) . (C7)
Appendix D: Two-Fold Ambiguity of Antler
Momenta at the ILC
In this section, we consider processes at the ILC of the
type shown in Fig. 4, dubbed antler diagrams. Following
[33, 34], we will assume that the masses of B and D are
known and show that there is only a discrete ambiguity
in the momenta of the two Ds. We begin by noting that
there are eight unknowns in the momenta of the two Ds
and count the constraints. Due to conservation of energy
and the symmetry of the diagram, we find:
√
s
2
= EBi = Eli + EDi , (D1)
where i refers to which B and l in Fig. 4. This implies
the two linear equations
EDi =
√
s
2
− Eli , (D2)
and completely specifies the energy of the two Ds.
We also have the conservation of three-momenta which
gives the three linear equations
~pD1 + ~pD2 = −~pl1 − ~pl2 . (D3)
For the mass of B, we have (pD + pl)
2
which reduces
to
M2B = M
2
D + 2EliEDi − 2~pli · ~pDi . (D4)
After plugging in Eq. (D2), this gives us the two following
linear equations
2~pli · ~pDi = M2D −M2B +
√
sEli − 2E2li . (D5)
Finally, we have the mass of D which, after substituting
Eq. (D2), gives the two quadratic equations
|~pDi |2 =
(√
s
2
− Eli
)2
−M2D . (D6)
All together this makes nine equations for eight un-
knowns. Seven are linear and two are quadratic, one of
which is linearly dependent. This leaves us with two dis-
crete solutions. For further details, see [40, 41].
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Appendix E: Effective Operators
In this appendix we provide a list of all the parity-
conserving operators used in our analysis, except those
already described in the SM. The naming conventions for
the fields are given in Table I. As described in Sec. III,
we included the majority of parity-conserving operators
in our analysis in a model independent way. There were
only a few parity-conserving operators that we did not
include and we specify them as they come up in this
appendix. These operators will be considered in a future
publication.
1. Interactions of B with the Photon
These operators follow directly from QED, where we
replace the partial derivative in the kinetic term with
the covariant derivative, denoted here by D, to ensure
that our Lagrangians are manifestly QED invariant. For
spin-0, we have
LsB = −sB∗
(D2 +m2) sB. (E1)
For spin- 12 , we have
LfB = fB
(
i /D −m) fB. (E2)
For spin-1, we have
LvB = vBµ∗
(D2ηµν −DµDν +m2ηµν) vBν . (E3)
The Lagrangian for a spin-3/2 field was first reported
by Rarita and Schwinger [42]. However, it is now cus-
tomary to write the Lagrangian in a way that is more
compact, although entirely equivalent. In our work, we
use the Lagrangian given in [43],
LrB = rBµ
(
µαβνγαγ5Dβ −m (ηµν − γµγν)
)
rBν . (E4)
For spin-2, we have [44]
LtB = tBµν∗ΦµνρσtBρσ , (E5)
where
6Φµνρσ ≡D2ηµνηρσ −D2ηµσηνρ − ηµνDρDσ
+ ηµσDνDρ + ηνσDµDρ − ηρσDµDν
+m2 (ηµνηρσ − ηµσηνρ) . (E6)
We could have also included a term of the form
g
AtB
FµνtBµ
ρ∗tBνρ which is also parity conserving, how-
ever we find that this operator gives a more complicated
form of the symmetric CM angular distribution. Specifi-
cally, Aiv, Biv, Civ and Niv from Table II depend on the
value of g
AtB
if non-zero. For simplicity, in the current
article, we choose to set g
AtB
= 0 so that Aiv, Biv, Civ
and Niv depend only on the masses and collision energy.
2. Interactions of B with the Z-boson
For convenience, we implemented the photon interac-
tions of the previous subsection with the hypercharge
gauge boson. Thus, the covariant derivative is of the
form
Dµ = ∂µ + ig′Bµ = ∂µ + ieAµ − ig′ sin θWZµ . (E7)
Therefore, the operators of the previous subsection in-
duce interactions with the Z boson as well. In addition
to these operators, we also included the Lagrangian terms
as described below.
For spin-0, we include the Lagrangian
LsB = gZsB |sB|2∂µZµ . (E8)
For spin- 12 , we have
LfB = gZfBZµfBγµfB . (E9)
For spin-1, we include
LvB = gZvBvB∗µvBµ∂νZν + h.c. . (E10)
We could have also included the operator
g
ZvB2
vBµ∗vBν∂µZν + h.c. which is also parity con-
serving, however we find that, as for the case where B
is spin-2 coupling to a photon, this operator gives a
more complicated form of the symmetric CM angular
distribution. Specifically, Aii, Bii, Nii, Aiiia, Biiia
and Niiia from Table II depend on the value of gZvB2 if
non-zero. For simplicity, in the current article, we choose
to set g
ZvB2
= 0 so that Aii, Bii, Nii, Aiiia, Biiia and
Niiia depend only on the masses and collision energy.
For spin- 32 , we include the operator
LrB = gZrBZµrB
ν
γµrBν . (E11)
For spin-2, we include
LtB = gZtB1tBµν∗tBµν∂λZλ + gZtB2∂λtBµν∗tBµνZλ + h.c. .
(E12)
We could have also included the operators
g
ZtB3
tBµν∗tBµλ∂λZν + gZtB4∂
µtBνλ∗tBµνZλ + h.c. which
are also parity conserving, however we find that, as
for the case where B is spin-1, these operators give a
more complicated form of the symmetric CM angular
distribution. Specifically, Aiv, Biv, Civ and Niv from
Table II depend on the values of g
ZtB3
and g
ZtB4
if
non-zero. For simplicity, in the current article, we
choose to set g
ZtB3
= g
ZtB4
= 0 so that Aiv, Biv, Civ and
Niv depend only on the masses and collision energy.
3. Interactions of B with ` and D
We begin with the Lagrangian for the case where B is
spin-0,
LsB =gsB`fDsB `fD + gsB`rDsB `γµrDµ + h.c. . (E13)
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FIG. 11. Pair production of B+ and B− followed by the decay
of B− to µ−D.
For the case in which B is spin- 12 , the Lagrangian reads
LfB =gfB`sDsD `fB + gfB`vDvDµ `γµfB
+ g
fB`tD
tDµν∂µ`γνfB + h.c. . (E14)
In the case where B is spin-1, we have
LvB =gvB`fDvBµ `γµfD + gvB`rD1vBµ `rDµ
+ g
vB`rD2
vBµ `σµνrD
ν + h.c. . (E15)
For a spin- 32 B, we have
LrB = grB`sDsD ∂µ`rBµ + grB`vDvDµ `rBµ
+g
rB`tD
tDµν `γµrBν + h.c. . (E16)
Finally, we have for the spin-2 particle
LtB = gtB`fD tBµν∂µ`γνfD + gtB`rD tBµν`γµrDν + h.c. .
(E17)
Appendix F: True On-Shell CM Angular
Distribution Formulas
In this section, we describe the derivation of the formu-
las in Table II. Using the CalcHEP implementation of our
new particles B and D along with their interactions, we
generated the analytic expressions for the squared am-
plitude of the diagram shown in Fig. 11. From there,
we exported these expressions to Mathematica. (In the
CalcHEP symbolic interface, after squaring the diagrams
choose “Symbolic calculations” followed by “Mathemat-
ica code”. The resulting Mathematica files will be in
the results directory [39].) At this point, we had the
squared amplitude in terms of masses, collision energy
and inner products of the external momenta. We note
that we included the photon-photon squared diagram,
the Z-Z squared diagram and the interference photon-Z
and Z-photon squared diagrams in our calculation. We
removed the Z width from the calculation since its mo-
mentum was far off-shell, however we included the width
of the B in the calculation, which was necessary since we
assume B is on-shell for these formulas. By conservation
of momenta, p5 can be removed from these expressions
so we only need to deal with p1 through p4.
Since each of the inner products is an invariant, we can
do this calculation in any reference frame. We choose the
z-direction to be along the direction of ~pB = ~p3 + ~p4 so
that in the lab frame, pB = (EB , 0, 0, |~pB |). We then
boost into the B CM frame. In this frame,
pBCM = MB (1, 0, 0, 0) , (F1)
p3CM = ELCM

1
sin θLB cosφLB
sin θLB sinφLB
cos θLB
 , (F2)
p4CM = ELCM

EDCM
ELCM
− sin θLB cosφLB
− sin θLB sinφLB
− cos θLB
 , (F3)
where, by the usual conservation of momentum argu-
ments,
ELCM =
M2B −M2D
2MB
, (F4)
EDCM =
M2B +M
2
D
2MB
. (F5)
The initial momenta are known in the lab frame. They
are
p1 =
√
s
2

1
sin θ12 cosφ12
sin θ12 sinφ12
cos θ12
 , (F6)
p2 =
√
s
2

1
− sin θ12 cosφ12
− sin θ12 sinφ12
− cos θ12
 , (F7)
where the angle θ12 is with respect to the direction of ~pB .
After boosting into the B CM frame, we have
p1CM =
√
s
2

EB
MB
− |~pB |MB cos θ12
sin θ12 cosφ12
sin θ12 sinφ12
EB
MB
cos θ12 − |~pB |MB
 , (F8)
p2CM =
√
s
2

EB
MB
+ |~pB |MB cos θ12
− sin θ12 cosφ12
− sin θ12 sinφ12
− EBMB cos θ12 −
|~pB |
MB
 , (F9)
where |~pB | =
√
E2B −M2B and EB =
√
s/2. We plugged
these expressions for the momenta into the squared am-
plitude formulas. Since the differential cross section is
equal to this squared amplitude times factors that are
independent of these angles, we next integrated our ex-
pression over the angles θ12, φ12 and φLB . This left us
with an expression in terms of onlyMB ,MD,
√
s and θLB .
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We finally normalized this expression by dividing by the same expression integrated over θLB . This gave us the
normalized differential cross-sections found in Table II.
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